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SPECTROSCOPY LETTERS, 6(10), 617-620 (1973) 

ZNERCY LEVELS OF ASYMNZTKIC ROTORS: 
A N  IMP3OVED COMPUTATIONAL PROCEDURE 

I G Y  W O X I S :  Microwave Spec t roscopy,  
Asymmetric Rotor  Energy Levels  

C .  S. C .  Chung 

Department of  Chemistry 
Iowa S t a t e  U n i v e r s i t y  
Ames, Iowa 50010 

The microwave band s p e c t r a ’  o f  asymmetric t o p  molecules  have 

2 J  -1 Y d i s t i n c t  r o t a t i o n a l  energy  s u b l e v e l s  f o r  each  v a l u e  of 

r o t a t i o n a l  quantum nuqber  J .  Through a p p l i c a t i o n  of group t h e o r y ,  

t h e  s t a t i m a r y  . ; t a t e s  of  r i g i d  asymmetric r o t o r s  can be c l a s s i f i e d  

by  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  or by t h e  symmetry s p e c i e s  of 

t h e  V ( D 2 )  p o i n t  group ( t h e  P’our-group). When per forming  a Wang 

syrnrnetrizing t ransformat ion’  on t h e  o r i g i n a l  energy  m a t r i x  6( K )  

where IC i s  t h e  3ay’s  asymmetry parameter: a new energy  ma t r ix  

E)(K) may b e  r P a d i l y  ob ta ined .  

The energy levclls for any v a l u e  of J can t h e n  be ob ta ined  

as f u n c t i o n s  of thr: e ~ ~ ~ ! ~ i ~ J ~ ~ , ~ l ’ , ~ ~ ? ~ ;  of  t k i c ,  abcwe f : iu r  subrnatrice:; 

\ ~ . e . ,  t h e  Tour ncculai- c q u a t i o n s ) ,  t h e i r  dimensions be ing  %. J or i .  

4 E snd 0 r e f e r  t o  t h e  p a r i t y  o f  t h e  quantum number K which 
s u p e r s c r i p t s  t and - r e f e r  t o  t h e  p a r i t y  of ( J  t y )  where 
y is an a u x i l i a r y  quantum number having t h c  v a l u e s  of  0 or 
1 ,  dependirqr, upon t h e  c h o i c c  of  a p a r t i c u l a r  r e p r e s e n t a t i o n .  
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CHUNG 

%J + 1 ( J  even) and %(J k 1) ( J  odd). The submatrices may be 

expressed i n  the  following convenient form: 

crl 6, 0 - - - 0  0 

1 a2 6,- - - 0 0  

0 1 a - -  0 0  
3 

\ 
\ 
\ 
\ 
\ 

%- 1fln-1 0 0 o - - - \  

There a r e  severa l  common numerical methods ava i lab le  f o r  

determining the  roots  of t he  above submatrices, the most common 

being the  i t e r a t i v e  continued-fraction expansion method of Swalen 

and Pierce4 and the  Rit ishauser  quot ient-difference method by 

Bennett, Ross and Wells.= 

We w i s h  t o  point  out t h e  a p p l i c a b i l i t y  of an improved com- 

puta t iona l  procedure which can be r ead i ly  adapted t o  ex is t ing  

comprehensive asymmetric r o t o r  computer programs w i t h  only minor 

modifications.  T h i s  procedure cons i s t s  of two s teps .  The o r ig ina l  

real, continuant and t r id iagonal  (quasi-symmetric w i t h  non-negative 

elements above and below the  diagonal elements) matrix i s  f i r s t  

transformed t o  a symmetric t r i d i agona l  matrix by means of  a 

s i m i l a r i t y  transformation w i t h  a non-singular diagonal matrix? 

The  r e su l t i ng  symmetric t r i d i agona l  matrix i s  then diagonalized 

by applying the  QL algorithm with imp l i c i t  s h i f t t 7 > ” ’  The QL 
_ _  

# It should be noted t h a t  t he  performance of the QL method without 
imp l i c i t  s h i f t ,  i n  determining the  eigenvectors and eigenvalues 
of the above submatrices (without addi t iona l  cen t r i fuga l  d i s t o r t i o n  
terms),  i s  almost equivalent t o  that  of t he  QL method w i t h  impl ic i t  
s h i f t .  When t h e  magnitude of successive row sums of any symmetric 
matrix va r i e s  t o  a la rge  degree, then t h e  l a t t e r  method w i l l  excel 
t he  former method. For the  sake of convenience, t h e  l a t t e r  method 
should be adopted. 
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ENERGY LEVELS OF ASYMMETRIC ROTORS 

method i s  a procedure whereby a sequence of symmetric t r i d i a g o n a l  

matr ices ,  u n i t a r i l y  similar t o  t h e  o r i g i n a l  symmetric t r i d i a g o n a l  

matrix,  i s  formed which converges t o  a diagonal matrix.  The s h i f t  

a t  t h e  mth i t e r a t i o n  i s  def ined as p ( m ) ,  Is,(“); n = 2 .  .. .... . . .i) 

a r e  subdiagonal elements and {dn(m) ;  n = 1. ........ i) a r e  diagonal  

elements of t h e  t r i d i a g o n a l  matrix.  A t  t h e  mth i t e r a t i o n ,  t h e  

sh i f t  i s  chosen to be t h e  eigenvalue of t h e  bottom 2 X 2 p r i n c i p a l  

minor which i s  c:Loser t o  t h e  diagonal  element of t h i s  minor di . 
When s j - (m)  i s  considered n e g l i g i b l e ,  di(”)  i s  taken as  an eigen- 

value and t h e  order  i of t h e  matr ix  i s  reduced by one ( b y  n e g l e c t i n g  

t h e  l a s t  row and column). 

reduced matr ices  u n t i l  t h e  e n t i r e  matrix i s  diagonal ized.  The eigen- 

values  a r e  then :sorted, ranked and compared w i t h  publ ished asymmetric 

r o t o r  energy l e v e l  t a b l e s  ( J  S 40).  lo, 11’12 

We have performed t h e  above c a l c u l a t i o n s  f o r  values  of K = 

( m )  

This process  i s  repeated on t h e  success ive ly  

-1............0............+1. ( i n  s t e p s  of +0.05 with values  o f  J 

up t o  100 on both IBM 360/65 ( r e a l  memory) and IBM 370/145 ( v i r t u a l  

memory) wi th  double p r e c i s i o n  a r i t h m e t i c .  

i m p l i c i t  QL method a r e  a c c u r a t e  t o  a t  l e a s t  t e n  decimal p laces ,  

numerically s t a b l e ,  r e l i a b l e ,  e f f ic ien t ’  ( i . e . ,  converging i n  l e s s  

than t e n  i t e r a t i o n s  while never converging t o  undesired r o o t s  ) , 
economical i n  s torage  requirements (for a matr ix  of order  i, two 

one-dimensional a r rays  of i l o c a t i o n s  a r e  requi red  f o r  t h e  diagonal 

and subdiagonal elements of t h e  symmetric t r i d i a g o n a l  matr ix  and 

# CPU t imes of 0.284 second and 0.922 second a r e  required t o  diagon- 
a l i z e  submatrices of order  25 (when J = 50) and 50 (when J = 100)  
r e s p e c t i v e l y  of  Equation ( 2 )  (based on t h e  IBM 360/65 a t  Iowa S t a t e  
Univers i ty) .  
t h e  s i m i l a r i t y  t ransformation of t h e  f i r s t  s t e p .  

Our r e s u l t s  using the  

P r a c t i c a l l y  none o f  t h e  above CPU t ime i s  used on 
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CHUNG 

only one l a r g e  a r r a y  i s  involved i n  t h e  i t e r a t i v e  process)’ and 

economical i n  t h e  number and i n  t h e  e x t e n t  o f  v i r t u a l  memory 

sweeps. l3 

Note: Lis t ings  of t h e  FORTRAN I V  subrout ines  t o  perform t h e  

above d iagonal iza t ion  procedures are a v a i l a b l e  upon request  from 

the author .  
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